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Summary

• Polythermal glaciers and ice sheets consist of cold ice (i.e. below the pressure melting point) and temperate ice
(at the pressure melting point), separated by the cold-temperate transition surface (CTS).

• The liquid water content ω in temperate ice is defined as the mass fraction of water in the ice-water mixture,
ω = mw/m.

•We have developed a model for polythermal glaciers and ice sheets based on an enthalpy formulation.

•We demonstrate the applicability of the enthalpy formulation for:

– thermomechanically-coupled flow and enthalpy fields

– different thermal structures

– transient enthalpy fields

• The simulated thermal structure results from the imposed boundary conditions.

•We propose to implement enthalpy formulations into existing ice sheet models.

Thermal Structures
The two most commonly found polythermal structures are:

• Canadian-type: most of the ice is cold except for a temperate basal layer in the ablation zone.

• Scandinavian-type: most of the ice is temperate except for a cold surface layer in the ablation zone
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Fig. 1: Schematic view of the two most commonly found polythermal structures:
a) Canadian-type and b) Scandinavian-type. Gray color indicates temperate ice
and the dashed line is the cold-temperate transition surface.

“Cold Ice Method”
With the exception of SICOPOLIS (Greve, 1995), current ice sheet models are so-called “cold ice method” ice sheet
models. The energy balance reduces to an equation for temperature T :

∂T

∂t
+ v · ∇T = −∇ ·q +Q, (1)

where v is the velocity, Q is strain heating.
The heat flux q is given by

q = −k∇T, (2)

where k is the thermal conductivity.

Enthalpy - A New Variable in Ice Sheet Modeling

•We propose to replace the variable “temperature” with a new variable “enthalpy”.

• Such enthalpy methods are widespread in computational fluid dynamics when phase changes are involved.

• For an incompressible fluid, enthalpy represents inner energy.

•We rewrite the balance equation for specific inner energy in terms of specific enthalpy H:

∂H

∂t
+ v · ∇H = −∇ ·q +Q. (3)

Enthalpy Formulation

•We consider enthalpy as the primal variable which uniquely determines temperature and water content in cold
and temperate ice, respectively.

The following definitions are used:

cold ice
T = 1

c (H −Hs) + Tm

ω = 0

}
if H < Hs,

CTS
T = Tm

ω = 0

}
if H = Hs,

temperate ice
T = Tm

ω = H−Hs
L

}
if Hs < H < Hl,

liquid water
T = 1

c (H +Hl) + Tm

ω = 1

}
if H ≥ Hl,

where c is the heat capacity, and Hs = Hs(p) and Hl =
Hl(p) are the enthalpy of pure ice and pure water at the
pressure melting temperature Tm = Tm(p) given by

Hl = cwTm(p) and Hs = −L +Hl(p).
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Fig. 2: Temperature-enthalpy relationship for pure
water (solid line) and water content-enthalpy rela-
tionship (dotted line). T ′ is the temperature relative
to the pressure melting point Tm; and Hs and Hl are
the enthalpy of pure ice and pure water at Tm, re-
spectively.

Enthalpy Gradient Method

• express heat flux in terms of the enthalpy gradient

• neglect heat flux in temperate ice (Greve, 1995)

We apply an Enthalpy Gradient Method (EGM) (e.g. Pham, 1995) to express the heat flux q in terms of enthalpy.

q =

{
−(k/ρc)∇H cold ice

0 temperate ice (4)

Small artificial diffusion in temperate ice is required for stability.

Numerical Experiments

• Numerical solutions based on the Finite Element Method were calculated with the program package Comsol
Multiphysics.

• The velocity field was obtained by solving the full Stokes equations.

• For the cold ice rate factor we use a double exponential fit derived by Smith and Morland (1981).

• The temperate ice rate factor is chosen according to Lliboutry and Duval (1985).

•We use a linear sliding law of the form v · t = Csl (T ·n) · t, where T is the Chauchy stress tensor, n and t are
the outer normal and outer tangential vector, respectively, and Csl is a sliding coefficient.

Results: steady-state simulations

• Canadian-type: prescribed surface temperature TS = −3 ◦C

• Scandinavian-type:

– prescribed surface temperature TS = −6 ◦C in the lower ablation zone
– prescribed water content ωS = 0 in the accumulation and the upper ablation zone

• These experiments demonstrate the applicability of the enthalpy formulation to Canadian-type and
Scandinavian-type polythermal structures for steady-state scenarios.
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Fig. 3: Simulated horizontal surface and base velocities (a), temperature (b) and water content (c). The
dashed line is the cold-temperate transition surface. Values are in meters per year (a), degree Celsius (b)
and grams water per kilogram mixture (c).

Results: time-dependent simulations

•We prescribe a surface temperature increase
from TS = −3 ◦C to −2 ◦C and, after steady-state
is reached, a decrease back to −3 ◦C.

• As expected, the temperate ice area fraction fol-
lows the temperature signal with a time-lag.

• The thermal inertia of the lithosphere is not con-
sidered in this experiment.

• This underestimates the time to reach a new
thermal equilibrium.

• This experiment demonstrates the feasibility of
the enthalpy method for transient fields.

Fig. 4: Canadian-type polythermal glacier with time-
dependent surface temperature. Prescribed surface tem-
perature (solid line) and the temperate ice area fraction
(dotted line).

Enthalpy and Ice Sheet Models

• Implementation of enthalpy methods into ice sheet models will render these models polythermal.

• The Parallel Ice Sheet Model PISM (Bueler et al., 2008) is one of the most advanced whole ice sheet models.

• PISM uses massive parallelism to make simulations at high spatial resolution possible.

•We will implement the proposed Enthalpy Formulation into PISM in 2009.

• Simulated water content will help to determine basal water content used by a new sliding law implementation
(Bueler and Brown, 2008).
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